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ACHIEVEMENTS OF THE XX-CENTURY IN PHYSICS

General Relativity:  gravitation interaction <—  Lorentzian manifold (M, g)

Quantum Theory:  physics of small scale  +—  Non-commutative algebras A

1

Quantum Field Theory on a Curved Spacetime

e (M, g): Lorentzian manifold e VU: section of vector bundle E — M

e P: (linear) differential operator on E

Quantization: (1) (Ker(P), o) — A°PS (2) w: A" 5 C

NATURAL QUESTIONS: How much the Physics ‘depends’ on the metric?

If g and g’ are ‘related’, are the physical theories equivalent?

GOAL of TODAY: Provide a new, interesting notion of relation for Lorentzian metrics

gxg =  (Kerg(P),o) =~ (Kerg (P'),0') = AP =AY and wg =",
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OUTLINE OF THE TALK

(1) Preliminaries on Lorentzian Geometry
(2) Paracausal deformations of Lorenzian metrics

(3) Mgller operators for paracausal related metrics

(4) Conclusion and future outlook

» Joint work with Valter Moretti and Daniele Volpe — (arXiv:2109.06685)

Paracausal deformations of Lorentzian metrics and Mgller isomorphisms

in algebraic quantum field theory.
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Preliminaries on Lorentzian Geometry

PART (1):
Preliminaries in

Lorentzian Geometry
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CAUSALITY IN LORENTZIAN GEOMETRY

- (M, g) is a Lorentzian manifold, i.e. g € [(®2T*M) with signature (—,+,...,+)
-4 T(T*M) — T(TM) def by g(w!, v) = w(v) = gl(-,) := g(t, ) € T(R2TM)
- Classification of vectors v, € T,M (and curves v : | — M)
spacelike gp(vp, vp) > 0 lightlike gp(vp, vp) =0 timelike gp(vp, vp) < 0
open lightcone V§ := {v, timelike} lightcone Jg(p) := {q € M |3~ causal}

timelike curve
timelike vector ~\

lightlike vector . .
— spacelike curve

l

spacelike vector

lightlike curve
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GLOBALLY HYPERBOLIC SPACETIMES

- Spacetime: a connected, time-oriented, smooth Lorentzian n+ 1-manifold (M, g)

- Temporal function: t € C°°(M,R) strictly increasing on future directed causal curve
and Vt is timelike everywhere and past-pointing

- Cauchy hypersurface X: if each inextendible timelike curve yNX = {pt}

- Globally hyperbolic spacetime: M strongly causal and J*(p) N J~(q) is compact

Theorem [Bernal-Sanchez] (M, g) is globally hyperbolic

T

3 a Cauchy temporal function i.e. t=1(s) := s is a Cauchy hypersurface

v

M isometric to R x ¥ with metric —32dt? + h;, where 8 € C*°(M, (0, c0))

Example: Minkoski spacetime (R*,7), Schwarzchild spacetime (R? x S?, gs)

NOT Example: anti-de Sitter space (S x R3, g.gs), Godel universe (R*, g¢)
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Paracausal deformations of Lorentzian metrics

PART (2):
Paracausal deformations

of Lorentzian metrics
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Paracausal deformations of Lorentzian metrics

TOWARDS PARACAUSAL DEFORMATION OF LORENTZIAN METRICS

THE ¢INCLUSIONS OF OPEN LIGHTCONES’ RELATION

My := {Lorentzian metrics} Tm = {time-oriented Lorentzian metrics}
:= {globally hyperbolic metri , <! v’
GHm = {globally hyperbolic metrics} - Ve VV) Y
2 - .
/

Notation: g < g’ ifandonlyif V5 C V;,g, J @

4 g
Few properties for g < g’ // \
S 2N
1) g,8' € My and X\, x : M = [0,1 ( :
(1) g,8 M X [0,1] O /////

(i) g = g’ if and only if g’t < gt
(i) gx:=(1—X)g+ Mg’ and g\ = ((1 —x)gt + Xg’ﬂ)b are Lorentzian
(i) g2 gy Xg' and g < g X g’
(2) g€ Tm, g’ € GHmand A, x : M — [0,1]
(i) g’-Cauchy hypersurfaces are g-Cauchy hypersurfaces
(i) &,8x8x € GHm
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SKETCH OF THE PROOF

(1) (ii) - let eg be g- and g’-timelike and {eg, e1, ... en} be a basis of T,M
- S:=span<e1,...,en > = v € S is g’'-spacelike = is g-spacelike Ve

G :=

& + c A

v

- assume 0 £ X\ £ 1
Ap) V &} -

1-Ap) %~
A A
h:= g(eo,eo)—f—ﬁg (€0, €0) <0 and A= g(v, V)+mg (v,v)>0
t
- Linear algebras shows that DsD3D3Dq |:/CT (/:41| (D4D3D2D1)t = diag(—1,1,...,1)

_ [(=m~1/2 ot 1 ot 1 ot _[F o
Dl._{ A I D=y 5| Dsi=|g g|Da=|g ;.

for suitable S € GL(n,R) , R € O(n,R) and F € O(2,R)

(1) (iii) - if v is g-timelike = g’-timelike = gy\-timelike = g < g)

- if v is g)-timelike = g’-timelike or g-timelike (= g’-timelike) = g\ < g’
(2) (i) - g’-spacelike ¥ is g-spacelike

- inextendible g-timelike v are inextendible g’-timelike = ¥ is g-Cauchy
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Paracausal deformations of Lorentzian metrics

PARACAUSAL DEFORMATION OF LORENTZIAN METRICS

Definition:  GHum S g, g’ are paracausal related g ~ g’
if 3 a finite sequence g,g1,.-.,8n, 8 € GHpu such that
(i) gk and gk41 are <-comparable,
(i) (a) if gk = gky1, then VB ¢ V,‘;’r““+ for all p € M,
(b) if gxky1 = gk, then Vpgk“Jr C V,;ngr for all p € M.

Ve vy eV
p p
812 8k 8k =2 8k
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PARACAUSAL DEFORMATIONS OF MINKOWSKI METRICS II

R"™ endowed with the Minkowski metrics

n
no=—dt@dt+ Yy dd' ®dx

i=1

n
n1:—d7®dr+2dyi®dyi

i=1

where 7 = x1, y1 = t, and yx = xx for k > 1.

no and 71 are paracausally related

o
VP
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PARACAUSAL DEFORMATIONS OF MINKOWSKI METRICS II

R x S! endowed with the Minkowski metrics

m = —dt ® dt + dx ® dx

N2 = —d7T ® dT + dx ® dx

where 0; = —0¢

n1 and 72 are NOT paracausally related

oy
vy v

P
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PROPERTIES OF PARACAUSAL RELATED METRICS I

Proposition: Sufficient conditions for g ~ g’
’
(1) VETNVET #£0;
(1) 3 common Cauchy temporal function t such that t~1(s) is compact;

(111) 3 g-Cauchy temporal function t s.t.

(a) t=1(s) are compact and g’-spacelikes,

(b) dt is g’-past-directed;

Sketch of the Proof (I):
- we have seen thatif g < gand § € GHy = g € GHum
-it is enough show exists Lorentzian metric hs.t. h < gx and h <X gy41

step 1: existence smooth vector field X on M such that X, € V§k+ N Vpg"“+

step 2: construction of Lorentzian metric s.t. X, € V/* C V&N Vf““Jr

g(va V)g(XP7 Vl)
g(XP7 XP)

Theorem: g ~ g’ <= 3 {gi} C GHum s.t. Vp‘g"+ N V,;gk“Jr # () for every p € M J

hp(v,v) = gp(v, V') + (a(p) — 1)
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PROPERTIES OF PARACAUSAL RELATED METRICS II

Proposition: Sufficient conditions for g ~ g’
’
(1) VETNVET #£0;
(1) 3 common Cauchy temporal function t such that t~1(s) is compact;

(111) 3 g-Cauchy temporal function t s.t.
a) t~1(s) are compact and g’-spacelikes,
g

(b) dt is g’-past-directed;

Sketch of the Proof (II):
-g=g=0Fy2g=—dt®@dt+fy°h and g’ =g :=p;%g =—dt@dt+ [ >h,

- since X; is compact = UX; is compact

g'(v,v)lx _ By 2hi(v, v)Ix
E(viv)lx By 2he(v,v)lx
- gc = —dt® + C(t)By 2 he is globally hyperbolic

fr(v,x) =

> C(t) € (0,1]

- gc(v,v) < go(v,v) and gc(v,v) < g1(v,v), = J UJE C JE.
-Summingup g X g Xgc =g =g’
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PROPERTIES OF PARACAUSAL RELATED METRICS III

Proposition: Sufficient conditions for g ~ g’
() VEFNVET £0;
(1) 3 common Cauchy temporal function t such that t=%(s) is compact;

(111) 3 g-Cauchy temporal function t s.t.
(a) t=1(s) are compact and g’-spacelikes,

(b) dt is g’-past-directed;

Sketch of the Proof (lll):

-g=—fdt@dt+h, gt=—p"20;®0: +h!

- ¥, is g'-spacelike and —dt is a g’-timelike = dt € VXng N Vf/lH 0
gi=—ap 20 @+t st VE CVE and VE g
-gXg.and g’ 2 g,

Theorem: (M, g) and (M, g’) are Cauchy-compact. g ~ g’if and only if
3 {gi} C GHm s-t. tk_l(s) is gk+1-spacelikes cpt and dt is gk 1-past-directed J
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Mgller operators for paracausal related metrics

PART (3):
Mgller operators for

paracausal related metrics
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MPLLER OPERATORS FOR PARACAUSAL RELATED METRICS

- E is K-vector bundle over M with an Hermitian fiber metric < | >
- N,N’ :T(E) — I'(E) normally hyperbolic operators associated to g, g’ € GHy, i.e.

on(€) = —g (&) on(§) = —g"(£,€)

- symplectic form a{v : kersc(N) x kersc(N) — C

M.g)

U(NM,g)(wa(b) = /Z < <Y |Vap = =< Vpp|p > )VOIZ

Theorem: If g ~ g’ = 3 isomorphism R : [(E) — '(E), called Mgller operator s.t.
(3) Rliers(ny : kerf(N) =5 kerf (N)

(b) aély/’(RT#, Ro¢) = 02’(11}, ¢) for every 1, ¢ € keré-(N)

Idea: g < g’ == Ny := (1 — x)N + xN’ is norm. hyp. for g = ((1— x)g* + xg’*)’
Ry i=1d — Gfj (Ny — N) : kerf(N) =5 kerfX (N

)
- } = R=R_R;
R_:=Id — Gy, (N’ — Ny) : kersX (Ny) = ker& (N')
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Mgller operators for paracausal related metrics

QUANTIZATION

(1) assignment of the algebra of observables

P, keré(N)®n
lccr =< (\Uw ® ¢'¢ — ¢¢ ®‘~U¢ — UQ(’LL’,(?) >

kersX (N),op) — A=

(2) assignment of a state w : A — C
w(ly)=1 and w(a*a) >0

Remark: Physical states satisfy Hadamard condition wp : Ay — C
WF(&2) = {(9,4',p, —p') € T*(M x M) |(q,p) ~ ((d',p") P > O}

Theorem:

- If g~ g’ = 3 *isomorphism R : A — A’ s.t. foranyw: 4 — C

w' := wo R is Hadamard <= w is Hadamard

- for any (M, g) globally hyperbolic, there exists planty of Hadamard states
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Conclusion and future outlook

PART (4):
Conclusion and
future outlook
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TAKE HOME MESSAGE

If g ~ g’ = (A,w) is ‘equivalent’ to (A", w’)

WHAT COMES NEXT?

Conjecture 1
- (M, g) and (M, g’) are Cauchy-compact globally hyperbolic ;
- t and t’ be Cauchy temporal functions for g and g’ ;

g~g if and only if <O, dt'>>0 and <0p,dt> >0

Remark: <&, dt’> > 0 = integral curve v = y(t) of 8; on (M, g’) satisfies
t'(y(t2)) > t'((t1)) for tp >t
Conjecture 2
- (M, g) and (M, g’) are asymptotically flat globally hyperbolic ;
- t and t’ be Cauchy temporal functions for g and g’ ;

<O, dt'>>0 and <dy,dt> >0 == g~g

THANKS FOR YOUR ATTENTION!
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