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- Preliminarics J
Globally hyperbolic manifolds with timelike boundary

- M is connected, time-oriented, oriented smooth manifold with boundary OM

- g and g|am are Lorentzian metric = M is Lorentzian with timelike OM

Few definitions:

- Temporal function: t € C°°(M,R) strictly increasing on future directed causal curve and
V't is timelike everywhere and past-pointing

- Cauchy hypersurface X: if each inextendible timelike curve vy N X = {pt}

- Globally hyperbolic: M strongly causal and Vp,q € M,J™(p) N J™(q) compact
Bernal and Sanchez (2005) — Aké, Flores and Sanchez (2019):

M is globally hyperbolic (with timelike boundary)

g

Exists a Cauchy temporal function (t~*(s) := ¥, is a Cauchy) and Vt € TOM

i
M isometric to R x ¥ with metric —32dt® + h,, where 8 € C°(M, (0, o))

Example: Minkoski spacetime (R*, 7), Schwarzchild spacetime (R* x S, gs)

NOT Example: anti-de Sitter space (S* x R?, g.4s), Godel universe (R*, g¢)
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Symmetric hyperbolic systems

- E — M be a K-vector bundle with finite rank N and sesquilinear fiber metric < - |- >
Definition: a 1° order S is called symmetric hyperbolic system if
(S) os(€): Ey — Ep is Hermitian with respect to < - |- >, V€ € T;M and Vp € M.

(H) < os(r) - |- > is positive definite on E,, for any future-directed timelike 7 € T, M

Furthermore S is of constant characteristic if dim ker os(n”) is constant, where n L M.

Example: E =CM x R" — (R",n) with < | >== (en

S = Ao(p)3: + _ Ai(P)y; + B(p)

J=i

() Ao = A}, A = A (H) os(dt + > ajdx) = Ao+ > _ ojA; > 0.
J j=1
Lemma: If < -|- > is indefinite and S is a symmetric hyperbolic system, then:

(1) (-|-) :==< os(dt) - |- > is positive Hermitian metric;
() & = —os(dt)™*S . is symmetric hyperbolic system
(111) Cauchy problem for S is equivalent to the Cauchy problem for S.
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Example I: The classical Dirac operator

- M = (M,g) is a globally hyperbolic spin manifold with timelike boundary;

- SM is a spinor bundle: C-vector bundle with N-dim. fibers with indefinite sesquilinear metric
<] = SpM x SpM — C
and a Clifford multiplication, i.e. fiber-preserving map v: TM — End(SM)

Dirac operator: D := v o V°: [(SM) — '(SM) which in local coordinates reads

n
D= Z%’Y(%)VEM
n=0

- (eu)p=o,...,n is a local orthonormal Lorentzian frame of TM and ¢, := g(e,, e.)

- y(u)y(v) + v(v)v(u) = —2g(u, v) for every u,v € T,M and p € M.

Remarks:
(i) Topological obstruction to existence of a spinor bundle;
(if) Existence of spinor bundles on parallelizable manifolds;

(iii) D is nowhere characteristic.
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- Preliminarics J
Example Il: The geometric wave operator

-M is a globally hyperbolic with timelike boundary and g = —32dt? + h; ;

- V be an Hermitian vector bundle of finite rank;
- P is a normally hyperbolic operator, i.e. P = V*V + ¢ and principal symbol op defined by

op(&) = —g(&,¢) - 1dy, for every £ € T"M.

A norm. hyp. op. P can be reduced to S : [(E) — I'(E) defined by

S:=(AoVa, + As V™ + C)

0 0 0 —trp, O
1 0 As = [ -1 0 0 C = <suitab|e) .
0o 1 0 0 0

€

Il

<

=

P
=]

\

SR

Remarks:

(i) The Cauchy problem for P can be made equivalent to the Cauchy problem for S;

(if) S is of constant characteristic,

, 0 -’50
os(n’) = —n’® 0 0 s
0 0 0
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Boundary conditions

Admissible boundary conditions

Definition: A boundary space B,y for S is called admissible if
- The quadratic form ¥V —< os(n")\ll | W > is positive semi-definite on Bagm;
- rank B,gm = # pointwise non-negative eigenvalues of as(nb) counting multiplicity.

n
The adjoint boundary space is defined by Bf .= (Us(nb)(Bad,,,)) ,i.e.

adm

{® € T(E|om) | for any W € B.gm it holds < os(n’)W|d == 0}.

Examples for classical Dirac operators:
Lorentzian MIT boundary space is the range of TLor := 3 (Id £ vy(n))

< op(@’ )it | TvrTd === y(@)mnrrd | Ty == 1 < et | Tarrd -
Riemannian MIT boundary space is the range of TRiem = 3 (Id - %’y(n)’y(@t))

1
b
< UD(n )ﬂ'Riem'QZ) ‘ 7"'Riemw == "/(n)ﬂ'Riemw I 71'Riemw -= E < 'Y(at)ﬂ'Riem'L[) ‘ 7"'Riemw =>0
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Boundary conditions

Admissible boundary conditions

Definition: A boundary space B,y for S is called admissible if
- The quadratic form ¥ —< os(n”)W | ¥ = is positive semi-definite on B;
- rank B,gm = # pointwise non-negative eigenvalues of as(ni’) counting multiplicity.

1
The adjoint boundary space is defined by Bzdm = (as(nb)(Badm)> , e

{® € [(E|om) | for any W € B.gn it holds < os(n’)W|® == 0}.

Examples for geometric wave operator:

0 ny O
Neumann like-boundary condition: Vfu =0 - Bg’d‘m = ker o 0 o
o 0 o
b ny O
Transparent boundary condition: Vgu = —bVy,u = BT = ker 0O 0 O
0O 0 O

NOT example for geometric wave operator:

0 niy —b
Robin boundary condition: Viu=bu (b#0) = BE =ker| 0 0 0
(V] 0

(the quadratic form is not positive semi-definite)
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Boundary conditions

Self-adjoint elliptic boundary conditions

- M is a globally hyperbolic spin with timelike boundary and 9% is compact;

- Dirac operator on spinor bundle SM reads as D = —~(dt)Vs, + Dx

- Dirac Hamiltonian H := +y(dt) " *Ds (DV =0 <= 1Vy,V =HV)

- adapted operator A : [(SM|sm) — T(SM|sm) formally self-adjoint s. t. Vp € 9%, V¢ € T;BZ

1

aa(€) == JH(t)(Vzb)_ o auy(§) O'H(t)(l’zb) oA=—-Ao UH(t)(Vtt))u

- Sobolev-like spaces HA(L) = 7-[%7 (A( ) @ [a =) (A( )

Hi(A) —{ch, € 2Mlos,) | 30 layP(+ 230 <+oo}, sER,

J\)\ el

Definition: A boundary space B, for D is called self-adjoint elliptic if
(B) Bean(t) C H(A(t)) is closed;

(E) ¥ € Hi(SMIx,) <= Har(t)V € H L (SMx,)

loc

(SA) Bai(t) = BY,(t) := {® € H(A(t) |for any W € Bgy it holds < op(y(n”)V | == 0}

Examples:

1
APS boundary conditions Baps := H(im.o)(A(t)) (self-adjoint <= ker A(t) = {0}).
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TAKE HOME MESSAGES

Theorem [Ginoux-M.]

- M =R x X globally hyperbolic with timelike boundary

There exists a unique strong solution to the Cauchy problem for a symmetric hyperbolic system
SV =¥
Vlgz, =0
WV € Badm

If (f, ) € T(E) x T'(E|gy) satisfy compatibility conditions
(i) S is nowhere characteristic => the solution is smooth;

(ii) S is of constant characteristic = the solution is smooth in tangential direction.

Theorem [Drago-GroRe-M.]

- M =R x X globally hyperbolic with timelike boundary with 9% compact

There exists a unique smooth solution V to the Cauchy problem for the Dirac operator
DV = §
‘|’|SM|):0 =b
V € Bey

where (f, b) € Fc(SM) x T'(SM|g,) C T(SM) x T(SM|x,).

Simone Murro (University of Trento) Hyperbolic Cauchy problems Regensburg, 2020 10/16



Energy estimates

Theorem (Energy estimates)
- M =R x X globally hyperbolic with timelike boundary (and 9% compact for elliptic B.C.)
- S is symmetric hyperbolic with B,4, while D is Dirac operator with By,

Then for each to € t(M) there exists constants C > 0 such that for all t; > to it holds
1
/ [W2dpey < Ceqtrm)/ / |Dw|2dusds+ec(fr‘°)/ W2dugy YW € By
Jxty Jtg Jxsg Ixtg

t
[, WiRduy < e [ [ isuitduds + 69 [ wPdu, VW € B
px to /3P

t 5

where t: M — R be a Cauchy temporal function and ¥? := J~ (p) N X

Corollary (uniqueness)

If there exists a solution to the Cauchy problem with admissible/elliptic B.C., then it is unique

Energy estimates
_=hergy estimates,

Proof: If S(W — ®) =0, W, ® € B,ym/er and Vs, = |5, V-_0=0

Corollary (finite speed of propagation with B,gm)
supp W C V := J(supp f) U J(supp h) J

Energy estimates

Proof: If p ¢ V then fp\yv = 0 and by =0
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Energy estimates (admissible boundary conditions)

Sketch of the proof:

( Zg
. . zfl
-n-differential form:
w = 27:0 Re << O’s(bjb)\u |w >) bj_voly ’ Zto
/ Zg]

- Stokes' theorem for manifold with Lipschitz boundary yields

/dw:/ w:/ wf/ w+/ w + w
K oK pxd pxd red blue
1 o

- Hyperbolicity of S = [, w > 0 while ¥ € By, = [ 4w >0

t1
/ W% dpy 7/ W) due < / dw < c/ / (IW]? + |SV|?)dpsds
pxd ):fo K to /3P

t1

ty
- By setting h(s) ;=/ v Pdps, a(t1):=C/ / (|W|2+|SW|2)dpsds+/ W Pdpo
e to /P x4

t:
and using Grénwall, we obtain: h(t1) < ats) + C/ : h(s)ds < 0((tl)ec(tlﬂo)
to
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Weak and Strong Solutions in a time strip M := t~1(t1, to)

Definition: We call W € 2 := (Te(Elwy). (- [ )| M7
(W) Weak Solution if it holds (® | f)u, = (ST® | W)u,
for any ® € [c(E|um, ) such that & € Bjdm/e,, and ¢y, =0=d[5,
(S) Strong Solution if 3 {W,}y, Wy € T(E|my) s.t. Wi € Bogmyen on OM and

Wk = Wl 2y “==5 0 and  [ISWk — fll 2,y =20

Theorem (weak=strong with admissible boundary conditions B,y )

- M =R x X globally hyperbolic with timelike boundary

- S is symmetric hyperbolic with admissible boundary conditions B,4m

Any weak solution is a strong solution. Moreover, if (f, h) satisfy compatibility conditions

(i) S is nowhere characteristic => the solution is smooth;

(ii) S is of constant characteristic = the solution is smooth in tangential direction;

Comments on the Proof

- Admissible boundary conditions are local, so we can localise

- In Fermi coordinates, we can use the local theory [Phillips-Lax,Rauch,Massey-Rauch].
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Existence and Uniqueness of smooth solutions

Existence of a Weak Solution

Theorem (existence weak solutions)
- M =R x X globally hyperbolic with timelike boundary (and 9% compact for elliptic B.C.)
- S is symmetric hyperbolic with B4, or is Dirac operator with By

There exists a weak solution to the Cauchy problem.

Sketch of the proof:
- Energy Estimates: Hd)HLz(MT) < cHSTtDHLz(MT)
- The kernel of the operator S acting on dom ST is trivial
domsS' = {¢ € Fe(Emp) | ®lx,, = 0,5, =0,® € Bagmyen}

- £: ST(domST) — C given by £(©) = (¢ | f)my where & satisfies sfe=0
- Energy Estimates = ¢ is bounded:

Z(@) = (‘D | f)MT < ”f”Lz(MT) ”‘DHLz(MT) (Cauchy-Schwarz inequality)

< )\_1HfHLz(MT)”ST(DHLZ(MT) = >‘_1HfHLz(MT)He”LZ(MT)’
Riesz

-Hence (& | P = £(©) == (O | W)u, = (ST | W)y, for all & € domsST
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Existence and Uniqueness of smooth solutions

Existence of smooth solutions with elliptic boundary conditions

Theorem (existence smooth solutions with elliptic boundary conditions Bey)
- M =R x X globally hyperbolic with timelike boundary and X compact
- D is a Dirac operator with self-adjoint elliptic boundary condition By

There exists a unique smooth solutions to the Cauchy problem.

Sketch of the proof

- By finite speed of propagation in the bulk, ¥ can be chosen compact

- Sobolev-like spaces Hpo(Els,) := [, (ch(ﬂit) := dom(He(t)* + 1)2) C [(E)

- Mollifier J.(t) := exp[—e(Hen(t)® + 1)]: H2(Els,) — HE2(Els,)

- Existence of unique solution of regularized equation N@tw(E) = JE(t)He//(t)JE(t)\IJ(E) + f,
- Estimates (= equicontinuity) + Ascoli-Arzela (= relatively compactness) + diag. subseq. arg.

U 00 D WD} ey 252 woe CHR, HIS(Elx,)) and satisfies 1V, W = HoyW + f

- By showing that also V5,V € C°(R, H2(E|x,)) and iterating, we can conclude.
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___ Outlok |
Outlook

WHAT WE HAVE SEEN AND WHAT COMES NEXT?

well-posedness of the Cauchy problem for

v Dirac operator with self-adjoint elliptic b. c. (Nicold Drago & Nadine GroRe)

e.g. classical Dirac operator with APS boundary condition

v/ Symmetric hyperbolic systems with admissible boundary condition (Nicolas Ginoux)
e.g. Wave equation with Neumann and transparent boundary condition

e.g. Classical Dirac operator with MIT boundary conditions
What comes next?
? De Rham-d'Alembert operator (with Nicolas Ginoux)

? Dirac type-operator with general elliptic boundary condition

THANKS for your attention!
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