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THE LINEARIZED EINSTEIN EQUATIONS

Let (M, g) be a globally hyperbolic manifold satistying

Ricg −
1
2
Scalg g + Λ g = 0 (1)

The linearized Einstein’s equations can be described by

P : Γ(V2)→ Γ(V2), P := D2 − KK? ,

where

− D2 := −�2 + 2Riemg is a normally hyperbolic operator

− K := I ◦ d is the linear counterpart of the diffeomorphism invariance of (1)

→ I := 1− 1
2 trg (·)g denotes the trace-reversal;

→ (dω)αβ = 1
2 (∇αωβ +∇βωα) is the symmetrised gradient;

− K? = δ that is the divergence of u ∈ Γ(V2), i.e. (δu)µ = −2∇λuλµ .
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THE FIRST DIFFULTIES

1. P is not hyperbolic since it holds PK = 0

⇒ linearized gravity should be treat as gauge theory

kerscP
ranK

' kerD2 ∩ ker K?

K(kerD1)
'

ker K†Σ
ranKΣ

where

→ K†Σ := ρ0K
∗U1 is the gauge condition at the level of initial data ;

→ KΣ := ρ1KU0 is the gauge symmetry at the level of the initial data.

2. D2u = 0 and K?u = 0 is an overdetermined system

⇒ we find solutions if (M, g) solves the Einstein’s equations since

D2K = KD1 for D1 = −�1 − Λ

3. P2 is self-adjoint w.r.t. the indefinite inner product

( · , · )V2,I := 2
ˆ

M
⊗2

s g
−1( · , I· ) vol
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QUANTIZATIONS IN TWO STEPS

Step 1: From the classical phase space

kerscP
ranscK

G1−→
'

kercK?

rancP
=: VP q2,I(·|·) := i(·|G2·)V2,I

we construct an abstract ∗-algebra CCR

generators: Φ(v) Φ∗(v) 1

CCR relations:
[Φ(v),Φ(w)] = [Φ∗(v),Φ∗(w)] = 0

[Φ(v),Φ∗(w)] = q2,I(v ,w)1

Step 2: Construct an Hadamard states ω : CCR→ C defined by

covariances: Λ+(v ,w) := ω(Φ(v)Φ∗(w)) Λ−(v ,w) := ω(Φ∗(w)Φ(v))

Hadamard conditions: WF′(Λ±) ⊂ N± ×N±

N± := {(p, ξ) ∈ T∗M | g−1(ξ, ξ) = 0 and ± ξ(v) > 0 ∀v ∈ TpM fut.dir.}
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CHARACTERIZATION OF HADAMARD STATES

We work with initial data

(VP, q2,I)
[ρG2]−−−→
'

(
VΣ :=

kerK†Σ
ranKΣ

, q2,I,Σ(·|·) = i(·|G2,Σ·)Vρ2|I

)
PROPOSITION [Gérard-M.-Wrochna]: let c±2 : Γ(Vρ2)→ Γ(Vρ2) be

(i) c+
2 + c−2 = 1 ;

(ii) (c±2 )† = c±2 (w.r.t. q2,I,Σ) ;

(iii) q2,Σ(f|c±2 f) > 0 ∀f ∈ ker(K†Σ) .

(iv) c±2 KΣ = KΣc
±
1 for some c±1

(v) WF′(U1c
±) ⊂ (N± ∪ F )× T∗Σ for some F ⊂ T∗M s.t. F ∩N = ∅

Then Λ±([s], [t]) := (s, λ±t)V1 where λ± := ±i(ρ2G2)∗G2,Σc
±
2 (ρ2G2)

are pseudo-covariances for a quasifree Hadamard state ω : CCR→ C.

HOW CAN WE CONSTRUCT THESE OPERATORS?
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A TOY MODEL FROM ELLIPTIC THEORY: CALDERÓN PROJECTORS

Consider a Riemannian manifold (Σ, h) and define

Ω = R× Σ , Ω± = Ω ∩ R± , with metric g = ds2 + h .

Let D′(Ω±) be the space of distribution in D′(Ω) restricted to Ω± and set

N± := {u ∈ D′(Ω±) | P̃u := (−∂2
s −∆h + m2︸ ︷︷ ︸

ε2

)u = 0} .

For any u ∈ N±, the traces %±u =

(
u|∂Ω±

−∂su|∂Ω±

)
are well-defined and

Calderón projectors c± are defined to be projectors onto

Z± := %±N± := {f ∈ D′(Σ;C2) : f = %±u , for u ∈ N±}

Using that u = e∓εsv for v ∈ D′(Σ) and Z± are linearly independet, we have

%±u =

(
u|∂Ω±

−∂su|∂Ω±

)
=

(
v
±εv

)
and c± =

1
2

(
1 ±ε−1

±ε 1

)
The Caldéron projectors are associated to the ground states!

Additional difficulties: m = 0 =⇒ infrared divergences!
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OUTLINE

(I) Wick rotation in analytic spacetimes

(II) Construction of Calderón projectors

(III) Boundary conditions for linearized gravity

Based on

“Wick rotation of linearized gravity in Gaussian time and Calderón projectors”
( with C. Gérard and M. Wrochna )

“On Boundary Conditions for Linearised Einstein’s Equations”
( with M. Capofferi and G. Schmid)
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Wick rotation in analytic spacetimes

GEOMETRIC SETTING

As always (M, g) is a globally hyperbolic spacetime

• To deal with the overdetermined Cauchy problem, we require

(1) g solves the Einstein’s equations

• To have a good pseudodifferential calculus, we assume:

(2) (M, g) to be of bounded geometry near a Cauchy surface Σ

• To implement the Wick rotation, we use Gaussian normal coordinate near Σ

[−δ, δ]× Σ g = −dt2 + ht

and suppose: (3) the map t 7→ ht is real analytic for 0 < δ � 1

THEOREM [C.Gérard, S.M., M.Wrochna]

Let (Σ, h) be a Riemannian manifold of analytic bounded geometry s.t. the
Cauchy data for the Einstein’s equations satisfying the usual constraints.

=⇒ there exists a metric g such that (M, g) satisfies (1)-(3)
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Wick rotation in analytic spacetimes

REDUCED SETTING AND WICK ROTATION

Now we fix Gaussian normal coordinates

Mδ := Iδ × Σ g = −dt2 + ht

and use the decompositions

ω = ωtdt + ωΣ u = uttdt ⊗s dt + utΣ ⊗s dt + uΣΣ

We identify tensors on different Σt on the same Σ0 by parallel transport along ∂t
and the differential operators Dj rewrite as

Dj = ∂2
t + aj with principal symbol σpr(aj)(k) = h−1

t (k, k)1

WICK ROTATION:

Since t 7→ ht is real analytic, all the operators extend holomorphically in C× Σ

Dj = ∂2
t + aj (hyperbolic)

t=is−−→ D̃j = −∂2
s + aj(is) (elliptic)

D2K = KD1 ⇒ D̃2K̃ = K̃D̃1
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Construction of Calderón projectors

DIRICHLET REALIZATION

To construct Calderón proj. we need a boundary condition on Ω := [−T ,T ]×Σ

=⇒ Dirichlet boundary conditions

Let H1
0 (Ω; Ṽ ) be the closure of C∞c (Ω, Ṽ ) for the norm

‖u‖2H1(Ω;Ṽ ) =

ˆ
Ω

(
(∂su|∂su)Ṽ + (u| −∆h̃0

u)Ṽ + (u|u)Ṽ
)
|h̃0|

1
2 dtdx.

and consider the sesquilinear form

QΩ(v , u) := (v |D̃u)Ṽ (Ω), with domain DomQΩ = C∞c (Ω; Ṽ ).

Then we have:

QΩ and Q∗Ω are closeable on L2(Ω; Ṽ );

their closures QΩ, Q∗Ω are sectorial with domain H1
0 (Ω; Ṽ );

D̃Ω, D̃∗Ω associated to QΩ, Q∗Ω satisfy 0 ∈ rs(D̃Ω) 0 ∈ rs(D̃∗Ω)

D̃∗Ω is the adjoint of D̃Ω.

DEFINITION: D̃Ω is called Dirichlet realization of D̃
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Construction of Calderón projectors

CALDERÓN PROJECTORS WITH DIRICHLET BOUNDARY CONDITIONS

DEFINITION: The Calderón projectors for the Dirichlet realization D̃Ω of D̃ are

c̃± := ∓%̃±D̃−1
Ω %̃∗σ̃

where

• %̃±u =

(
u(0±)
−∂su(0±)

)
• σ̃ =

(
0 −1
1 0

)
• %̃∗ is the adjoint of %̃ • D̃−1

Ω is the inverse of D̃Ω

To study the microlocal properties of c̃± we need a parametrix D̃(−1)
Ω for D̃Ω s.t.

D̃−1
Ω − D̃(−1)

Ω ∈ W−∞(Ω; Ṽ )

To this end we need

1) microlocal factorization for D̃

2) a parametrix for D̃
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Construction of Calderón projectors

MICROLOCAL FACTORIZATION OF D̃

• D̃ = −∂2
s + ã has the following microlocal factorization

D̃− r̃±−∞ = (−∂s + b̃±)(∂s + b̃±)

(sketch of the proof)

We add to ã a smoothing operator r̃−∞ = r̃∗−∞ s.t.

ã + r−∞ is m-accretive =⇒ ε̃ := (ã + r−∞)
1
2

The operator ε̃ with domain H1(Σ; Ṽ ) is closed, elliptic, invertible and

σpr(ε̃) = (σpr(ã))
1
2

We add to ε̃ a b̃0 ∈ Ψ0(Σ; Ṽ ) s.t. ±b̃± = ε̃± b̃0 are m-accreative and

∂s b̃
±(s)− (b̃±)2(s) + ã(s) = r̃±−∞(s)
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Construction of Calderón projectors

PARAMETRIX FOR D̃

For any ∓(s − s ′) > 0 we define the operator

V±(s, s ′) := Texp(
´ s

s′ b̃
±(σ)dσ)

For v ∈ C∞b (I ;C∞c (Σ; Ṽ )) we set

T±v(s) := ±
ˆ
R
H(∓(s − s ′))V±(s, s ′)v(s ′)ds ′,

where H(t) = 1R+ (t) is the Heaviside function, so that

(−∂s + b̃±) ◦ T± = T± ◦ (−∂s + b̃±) = 1.

• D̃(−1) =
(

(b̃+ − b̃−)−1(T+ − T−)
)
is a parametrix for D̃

D̃ ◦ D̃(−1) = 1 + R−∞,
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Construction of Calderón projectors

PARAMETRIX FOR D̃Ω & MICROLOCAL ESPRESSION FOR c̃±

To define a parametrix we need the following opertors:

- W±(s, s ′) = Texp(−
´ s
s′ b̃
±(σ)dσ), for ± (s − s ′) > 0

- R1,−∞ =

(
0 W−(−T ,T )

W+(T ,−T ) 0

)
- S

(
v+

v−

)
(s) := W+(s,−T )v+ + W−(s,T )v−,

- %∂Ωf :=

(
f (−T )
f (T )

)
,

• D̃(−1)
Ω = D̃(−1) − S ◦ (1 + R1,−∞)−1 ◦ %∂Ω ◦ D̃(−1) is a parametrix for D̃Ω and

the Calderón projectors c̃± = ∓%̃±D̃−1
Ω %̃∗σ̃ can be written modulo smoothing as

c̃± =

(
∓(b̃+ − b̃−)−1b̃∓ ±(b̃+ − b̃−)−1

∓b̃+(b̃+ − b̃−)−1b̃− ±b̃±(b̃+ − b̃−)−1

)
(0) + R±−∞
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Construction of Calderón projectors

PRO AND CONS FOR DIRICHLET BOUNDARY CONDITIONS

PRO:

PROPOSITION [C.Gérard, S.M., M.Wrochna]

(i) c̃±j : Hs(Σ; Ṽ ⊗ C2)→ Hs(Σ; Ṽ ⊗ C2) are bounded

(ii) c̃+
j + c̃−j = 1,

(iii) c̃±j = (c̃±j )2

(iv) c̃±j = (c̃±j )† (w.r.t. q2,Σ)

(v) WF′(U(·, 0)c̃±) ⊂ (N± ∪ F)× T ∗Σ for F = {k = 0} ⊂ T ∗M.

CONS:

PROPOSITION [C.Gérard, S.M., M.Wrochna]

(vii) c̃±2 KΣ = KΣc̃
±
1 ± K±−∞ (gauge invariance up to smoothing)

(viii) q2,I,Σ(f|c±2 + r̃2,−∞f) > 0 ∀f ∈ ker(K†Σ) (positivity up to smoothing)
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Construction of Calderón projectors

SOURCE OF THE SMOOTHING OBSTRUCTION: SKETCH OF THE PROOF

(vii) Let κ2 be such that %̃+κ2 = −%̃− and set for fi ∈ C∞c (Σ; Ṽi ⊗ C2):

u2 = −D̃−1
2Ω K̃%̃∗1 σ̃1f1, v2 = −κ2D̃−1

2Ω %̃
∗
2 σ̃2f2

Since D̃2K̃ = K̃D̃1 as differential operator but K̃ dom(D̃1,Ω) 6⊂ dom(D̃2,Ω)

%̃+
2 u2 =%̃+

2 D̃
−1
2Ω K̃%̃∗1 σ̃1f1 = %̃+

2 D̃
−1
2Ω K̃D̃1D̃−1

1Ω %̃
∗
1 σ̃1f1

=%̃+
2 D̃
−1
2Ω D̃2K̃D̃−1

1Ω %̃
∗
1 σ̃1f1 = %̃+

2 K̃D̃
−1
1Ω %̃
∗
1 σ̃1f1 + r+

−∞f1

=KΣρ
+
1 D̃
−1
1Ω %̃
∗
1 σ̃1f1 + r+

−∞f1 = KΣc̃
+
1 f1 + r+

−∞f1

We have D̃∗2v2 = 0 in Ω+, D̃2u2 = 0 in Ω+ and the Green identity yields

q2,I,Σ(%̃+
2 v2|%̃+

2 u2)Ṽ2(Σ)⊗C2 = 0 ⇒ c−2 (KΣc̃
+
1 + r+

−∞) = 0

where we used %̃+κ2 = −%̃− and c̃+
2 = (c̃+

2 )†. On account of c̃+
2 + c̃−2 = 1

c̃+
2 KΣ = (1− c̃−2 )KΣ(c̃+

1 + c̃−1 ) = KΣc̃
+
1 −c̃−2 KΣc̃

+
1 + (1− c̃−2 )KΣc̃

−
1 =

= KΣc̃
+
1 + r+

−∞ + c+
2 KΣc̃

−
1 = KΣc̃

+
1 + r+

−∞ + r−−∞ = KΣc̃
+
1 + K+

−∞
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Construction of Calderón projectors

SOURCE OF THE SMOOTHING OBSTRUCTION: SKETCH OF THE PROOF

(viii) Let f ∈ KerK†Σ|C∞c . With a gauge transformation we can find h and k s.t.

c̃+
2 f = k + KΣc̃

+
1 h and

{
ksΣ = 0,

Ĩ2k = k

Using the almost gauge invariance + other properties of the Calderón op.

q2,I,Σ(f |c̃+
2 f ) = q2,I,Σ(c̃+

2 f |c̃+
2 f ) = q2,Σ(k|k) + q1,Σ(c̃+

1 K
+†
−∞f |h) + q1,Σ(h|c̃+

1 K
+†
−∞f )

Now define k̃ := c̃+
2 (f − KΣc̃

+
1 h). Then we can show

k̃ = %̃+
2 v for v = D̃−1

2Ω %̃
∗
2 σ̃2(f − KΣh)

Since D̃2v = 0 in Ω+ with v�∂Ω+\Σ= 0 we obtain by Green’s formula that

q̃2(k̃|k̃) = 2ReQΩ+ (v , v) > 0,

where the positivity follows from coercivity of QΩ+ . But since

k = k̃ − c̃−2 KΣc̃
+
1 h = k̃ − c̃−2 K+

−∞h.

then we can construct a smoothing operator s.t. q2,I ,Σ(f|c±2 + r̃2,−∞f) > 0
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Boundary conditions for linearized gravity

NO-GO THEOREM FOR CONFORMAL BOUNDARY CONDITIONS

DEFINITION: A boundary conditions for D2 is said to be gauge invariant if:

∀ ω s.t. D1ω = 0 near ∂Ω and ω|∂Ω satisfies a boundary condition for D1

⇒ u := Kω satisfies boundary conditions for D2.

THEOREM [M. Capoferri, S.M., G. Schimd]

Let (Σ, γ) be a complete Riemannian 3-manifold with ∂Σ = ∅
Define Ω := [−T,T]× Σ with the metric g := ds2 + γ

Suppose that Ric(γ) = 0 and there exist non-trivial L2-harmonic 1-forms on Σ.

If D2 is coupled with a first-order, elliptic and gauge invariant b.c. including

δu = 0 and uΣΣ =
1
3
trγ(uΣΣ)γ on ∂Ω = {±T} × Σ ,

then 0 ∈ σ(D2).

WHAT ARE GOOD BOUNDARY CONDITIONS FOR GRAVITY?

THANKS for your attention!
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